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THE BLOW-UP SURFACE FOR NONLINEAR WAVE
EQUATIONS WITH SMALL SPATIAL VELOCITY

AVNER FRIEDMAN AND LUC OSWALD

ABSTRACT. Consider the Cauchy problem for u¢t —e?Au = f(u) in space di-
mension < 3 where f(u) is superlinear and nonnegative. The solution blows up
on a surface t = @¢(z). Denote by t = ¢(z) the blow-up surface corresponding
tov” = f(v). It is proved that |@¢(z) — ¢(z)| < Ce2, |V(ge(z) — ¢(z))| < Ce?
in a neighborhood of any point zo where ¢(zo) < oo.

1. The main results. Let
N
02 0?2 2
A——}_lgz—?, De—-w“‘EA (€>0)

and consider the Cauchy problem

(1.1) Oeue = f(ue) in RY x (0,00),
(1.2) ue(2,0) = g(z), z€RN,
(1.3) %us(z,O) = h(z), zeRN.

Here f(u) is a superlinear function such as (u*)P; more generally we shall assume
that f >0, f € C4(R); there exists a ug > 0 such that

f(w)>0, f'(u)>0, f'(u)>0 if u>ugy
(f(u)/uP) =1 fu—o00, p> 1
(1.4) limsup(f'(u)/v"~!) <p+ (p - 1)/2%;
* uU—+00
. . / p_l .
Hminf(f(u)/u?™") > 0;
IfD(u)] < CuP™7 if u>ug, 2< 5 < 4.
We also assume that
(1.5) N<3

and

(1.6) g€ C3(RN), he C4RN) if N=2,3;

g,h € C4(RY) if N=1.
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Sufficient conditions for nonexistence of global solutions of (1.1)-(1.3) are given
in [3-7]. In this paper we are interested in the behavior of (blowing-up) solutions
ue of (1.1)—(1.3) as € — 0. This is naturally related to the behavior of the solutions
of the ordinary differential equation

2
(1.7) ‘fi—t;‘- = f(u) fort>0

under the Cauchy conditions
(1.8) u(z,0) =g(z),  w(z,0) = h(z).

For each fixed z the solution of (1.7), (1.8) exists for 0 < t < ¢(z) where either
¢(z) = oo or ¢(z) < oo; in the latter case it can be shown (see §2) that u(z,t) — oo
if t — ¢(z), and we say that u(z,t) blows up at time ¢ = ¢(z). The surface
{t = ¢(z)} is called the blow up surface for u.

Caffarelli and Friedman [1] proved that if N = 1 then there exists a unique
classical solution of (1.1)-(1.3) for all 0 < t < ¢.(z) where either ¢.(z) = oo (no
blow-up) or else ¢.(z) < oo for all z € R! and ¢. € C?, |¢L(z)| < 1/e; further,
ue(z,t) — oo if t — ¢e(z). In [2] they extended these results to N = 2,3 under
some restrictions on the Cauchy data (in addition to (1.6)). We shall recall a slightly
simplified version of their result in case € = 1; this will be needed in the sequel.

Introduce the sets

K¢(zg,t0) = {(z,t); |z — 20| < e(to —t), 0 <t < to},
Bgr(zo) ={lz — zo| <R},  Bgr = Bg(0),
Kyr= |J K1)
zEBR
We shall assume, in addition to (1.5), (1.6), the following conditions:

(1.9) the solution w of w”(t) = f(w), t > 0 with w(0) = w’(0) = ~ blows up in
finite time T', where v > ug, T > 0;

g(I) > 2’7) h(I) 2 2’7 in BR+T7
|Vg| +|V?2g| +|Vh| <n in Bryr, n>0.

THEOREM 1.1 [2]. If n is sufficiently small, depending on R,~,T, then there
exists a classical solution uy(z,t) of (1.1)-(1.3) with € = 1 in Kp 1 N Q where
Q= {(z,t);z € BryT, 0 <t < ¢1(z)}, and it satisfies

(l) 0< ¢1(Z) < T:

(ii) uq(z,t) = 00 tf t — ¢1(z) = 0,

(iii) ¢1 € C*(Br+t) and |V¢y(2)| < 1. The solution is unique in Kp, . and it
belongs to C31.

The proof of existence of u; begins by constructing a sequence of finite valued
solutions U,, where Uy = 0 and

O1Un+1 = f(Un) in RY x (0,00),

Unir(#,0) = gla), Ui (#,0) =h(z)  (z€RV).

(1.10)

(1.11)

One shows that
(1.12) Un(z,t) < Uns1(z,t) in K1
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and that Up4+1(z,t) — u;(z,t) as n — oo, where u; satisfies the properties asserted
in Theorem 1.1.
Consider the case

(1.13) #(0) < 00

In §2 we shall prove

LEMMA 1.2. If(1.13) holds then there exists an R’ > 0 such that
(1.14) 0< ¢(z) <oo ifz€ Bp,

(1.15) ¢ € C'(Bg/).

Actually ¢ belongs to C*(Bg-), but this fact will not be needed.
In §3 we shall prove

LEMMA 1.3. Fiz any T such that ¢(0) < T < oo. Then there exist R >
0, C > 0 and g9 > 0 such that if 0 < € < g then there exists a unique solution
ue of (1.1)~(1.3) in K§ r N Q% 1 where Q% » = {(,1); 2 € BryT, 0 <t < ¢e(2)}
and

(1) 0< ¢e(z) < T,

(i) ue(z,t) = 00 if t — ¢e(z) — 0, z € Bp,

(iii) ¢e € C(Br+1) and |Voe(z)| < C; the solution belongs to C31.

We can now state the main results of this paper in case ¢(0) < oo.

THEOREM 1.4. If (1.4)(1.6) hold and ¢(0) < oo then there exist positive con-
tants R,C such that, for all € sufficiently small,

(1.16) sup |¢e(z) — ¢(z)| < Ce?,
Br

(1.17) sup |V (¢e(2) — ¢(2))|Ce™.

Theorem 1.4 will be proved in §§4-6.

Observe that Lemma 1.2 implies that the set D = {z € RV, ¢(z) < oo} if open,
and Theorem 1.4 implies that the solution u, exists for 0 < t < ¢.(z) and z in any
compact subset Dg of D; further

|¢e(z) — ¢(2)| < Ce* Vz € Dy,
|V(¢e(z) — ¢(z))| < Ce® Vz € Dy.

In §7 we shall consider the case ¢(0) = oo and derive growth rates for ¢.(0) as
e—0.
2. The equation u” = f(u). Throughout §§2-6 we assume that (1.13) holds.
Set w
= [ 1)as
0

From (1.7), (1.8) we obtain
(21) uf —h*(z) = 2[F(u) - F(g(z))] if t < $(a),
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and then also

o0 du
(2.2) 9(z) = /g(z) [2F (u) - 2F (g(2)) + h?(2)]/?

provided, say, g(z) > up (so that the denominator in the integrand is well defined).
Set

o0 du
(2.3) T(v,6) = /1 [2F (u) — 2F(7) + 62]1/2

for v > up, 6 > 0. Then T(~,6) is the blow-up time of (1.7) subject to u(0) =
v, u/(0) = é. Using (1.4) we can easily show that v/(t) > 0, u”(¢) > 01ift > 0
and then, from the differential equation for du/d~, du/d~ remains positive for all
0<t<T(v,6). It follows that 3T /9~ < 0. Since

oT 1 oo du
6_'7 = -3 + f(’Y)/’7 [2F (u) — 2F(v) + 62]3/2°

we deduce that

(2.4) |0T /d~| < 1/6.
Next
3_T -5 /°° du
a6 ~ [2F (u) — 2F () + 62]3/2
so that
(2.5) |0T /86| < T/é.

The assumption ¢(0) < oo implies that
(2.6) u(0,t) — oo if t — ¢(0).

Indeed, if u(0,t,) remains bounded for a sequence t, — ¢(0), then, by (2.1), also
u;(0,t,) remains bounded. But then the solution u(0,t) of u;; = f(u) can be
extended to ¢, < t < t, + 6 with § positive and independent of n, which is a
contradiction if n is large enough.

From (2.6) and (2.1) we get

(2.7 ut(0,t) — oo if t — ¢(0).

Consequently, for any v > ug there exists a to € (0,#(0)) such that u(0,tp) >
v, ut(0,%0) > 7 and, by continuity

(2.8) u(z,to) >, w(z,to) > if z € Bg,

for some Ry > 0. Using (1.4) we easily deduce that u(z,t) blows up in finite time
#(z) for any z € Bg,. Further, analogously to (2.2), we have

(2.9) o(z) = to + T(u(z,to), ut(z,to)), z € Bp,.

Since u(z,ty) and uy(z,tp) vary smoothly with z and since (2.4), (2.5) hold, we
conclude:
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LEMMA 2.1. ¢ € C!(Bg,).
Set
Q, = {(z,t); z€B,, 0<t<d(z), p< Ro}.

LEMMA 2.2. For any 0 < R < Ry there ezist positive constants C and c such
that

(2.10) |D*u(z,t)| < C(¢(z) —t)~Patlal=2) 4 Qp
where g=2/(p—1), 0< |a| £ 2, and
(2.11) c(¢(z) — t)~P1+t5=2) < Dlu(z,t) < C(g(z) — t)~ P12 in Qp
for0<j5<3.
PROOF. From (2.1), by integration,

oo du
/u(z,t) ["2(z) + 2F(u) — 2F(g(2))]*/2 ¢(z) —t.

Since F(u) ~ uP*1/(p + 1) as u — oo, the estimate (2.11) for u readily follows.
Next using (2.1) we can establish (2.11) for D;u, and using (1.7) we can further
establish (2.11) for j = 2 and then (from u: = f'(u)ue) for j = 3.

To prove (2.10) we introduce (cf. [2]) the functions

J1 =Cius £ D*u, |a| =1,
J2 = Cg’utt + D"‘u, [a| = 2,

with C1,C; positive constants. For any zo € Br we can choose § > 0 and ¢; €
(0,¢(z0)) such that u(z,t;) > up and Diu(z,t1) > 1 ifr € Bs(zo) (0 < j < 3).
Hence, if C, is large enough then J;(z,¢1) > 0 and Jy ¢+(z,t;) > 0 for z € Bs(zo)-
Since
d*Jy/dt* = f'(u)Jy,

we can easily deduce by a continuity argument that Ji(z,t) remains positive for
t; <t < ¢(z), if z € Bs(zo)-

Next we choose Cy such that Ja(z,¢;) > 0 and Ja:(2,t1) > 0 for z € Bs(zg).
We have

d?Jy

dt?
where 8; + f2 = a. Since J; > 0, if C; is large enough then the coefficient of f”(u)
is positive. Hence, by a continuity argument, Ja(z,t) > 0 if z € Bs(20), t1 <t <
#(x). Combining the positivity of Jy, Jo with (2.11), the estimate (2.10) follows.

= f'(u)Jz2 + f"(u)(Cau? £ DPruDP2v)

3. Proof of Lemma 1.3. In the sequence we shall need an integral representa-
tion for solutions of the inhomogeneous wave equation. The formula has a different
form depending on the space dimension N. We shall consider only the case N = 3;
the cases N = 1,2 can be treated in a similar way.

For N = 3 we have

t 0t

w(z,t) = y '/|‘€|=1 wi (z + €tf) dwe + T ,/|€|=1 wo(z + €tf) dwe

(3.1)

t
+i/ (t—s)ds/ h(z 4+ €(t — s)n, 8) dwy,
ar Jo nl=1
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where
wO(y) = w(y, O)a wy (y) = wt(yyo)a h(ya t) = Dsw(yv t)

For any R; > 0, 0 < £ < 1 we can construct a solution ue of (1.1)-(1.3) in Kg
provided o, is sufficiently small, independently of €. In fact, define an operator S
by

(32) (Sw)(zt) =G(z,t)+% /0 (t - s)ds /I _ Sl elt = 9n,5) don,

where

0t
h(z + €t€) dw +——/ g(z + et€) dwe.
[ rerstduer G [ ote o+ ete)

The domain of S is taken to be
X01,M1 = {w e CO(K}ezl,Ul);Suplwl S Ml}

t
4

(3.3) G(z,t) =

where
M, =1+ sup |G|
Ka,.1
Then, if 0, is sufficiently small, S maps X,, u, into itself and it is a contraction.
It follows that S has a fixed point, which is clearly a solution u. of (1.1)-(1.3). If
U is another solution in Kg, », then we easily deduce that

|Ste — Sue|l < %Il&e — ucl|

where the norm is the supremum norm in Kg, » with o small enough, depending
on ||@e||- It follows that 4. = u. if 0 < ¢t < 0, and by a step-by-step argument, also
if 0 <t < min(oy,02).

Since O (DU,) = f'(ue)(Duc), we can apply (3.1) to Du. and, by estimating
successively the right-hand side, we find that

|DU5| < M{ in Kf?,,al
provided o, is small enough; o, and M| are independent of €. Similarly
(3.4) |D%ue| < My in Kg ., la] <3,

with another constant Mj.
From (3.4) it follows that any sequence € — 0 has a subsequence such that
(3.5) D*ue — D°v in (L*°(Kg, ,,))* weakly; 0 < |a| < 3, and, therefore
(3.6) D*u; — D*v uniformly in compact subsets of ., fél 0 0Z Jof <2
Hence

(3.7) v(z,t) = u(z, )

where u is the solution of (1.7), (1.8) and (3.5), (3.6) hold for all € — 0.
We wish to extend the solution u; beyond ¢t = o;. To do this we repeat the
previous proof, considering S in the space

Xoy M, = {w € CUKE, ,.),w=uc in K, ,, N{t <o1},sup|w| < M1}
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for any R; < Ry, My = M;+1 and some o3 > 07. Then S is a contraction if 09— 0y
is sufficiently small, depending on M>. As before we can establish (3.5)-(3.7) in

€
R2,02°

We can carry out the above procedure with o3, R3, M3, 04, R4, M4, etc.; however,
the numbers 0;4; — 0; are decreasing since the M; are increasing. Let

(3.8) G < jnf ¢(z), 0< R < Ry, Ry small.
Ry

We claim that the above procedure yields, in a finite number jo of steps (jo inde-
pendent of €) a solution u, in K ;. Indeed, from (3.8) we have that

|D%u(z,t)] < C in Bg, x[0,6] (|| < 3).

Hence, in view of (3.5)—(3.7) we may repeat the previous construction of u¢ but
with the following modifications: at each step j we must take € < €; so that for
lo| < 2 we have |[D*u.| < C + 1 in Kpg, ,;. Hence we obtain the bound C + 2
instead of M; for |[D%ue| in Krg,,, s,,, (la] < 2). Next, by Gronwall’s inequality
we can derive a bound M, independent of ¢, for |[D%u,| in Kg,,, +;,, Where
|| = 3. We have €y > €2 > ---. However, the differences 0,4, — 0, remain
uniformly positive independently of the choice of the R;; say 0,41 —0; > 6 > 0 (€5
depends on R;). Choosing jo = [5/6] + 1, and R; = Ry — (R; — R)/jo, we obtain
the desired solution u. in K %,&. Further,

(3.9) D*ug — D*u uniformly in compact subsets of Bz x [0,5], 0 < |a| < 2.

Choosing R; sufficiently small, we can take & sufficiently close to ¢(0). Hence in
view of (2.8), (3.9) we have

(3.10) ue(Z,t0) > 27, uei(z,to) > 2y if ¢ € Bap,

provided 2R < R, where v > ug and to is some point in (0,5).
We now introduce the scaled functions

Ue(z,t) = ue(ex,t) fort > to.
Then O,U; = f(Ue). Setting ge(z) = Ue(x,t0), he(x) = Ue(z,t0), we have
(3.11) |Vge| + |Vhe| < Ce, |V2ge| < Ce2.

Using (3.10), (3.11) we can now apply the proof of Theorem 1.4 (as given in
[2]) in order to establish the existence of a unique solution U, in K (IR /e)r N {t >

to} N {t < @< (z)} for all £ small enough, and the estimate
(3.12) Uet > (co/€)|VUel, co>0:

the function U, (~a: /€,t) is then the unique extension of the solution u, to {t < ¢¢(z)},
where ¢¢(z) = ¢(ez). It will be shown below that

(3.13) e(z) < T.

Then, the assertion (ii) of Lemma 1.3 follows (from the proof of Theorem 1.4 for
Ue), and ¢. € C!. Further, from (3.12) we deduce that |V¢.| < 1/co and thus
Lemma 1.3 follows.
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To prove (3.13) let W;s(t) (6 positive and small) be the solution of
Wg = f(Ws) if t > to,
(314) Ws (tO) = U(O, tO) - 26,
W (to) = us(0,t0) — 26.

We shall compare W5 with Ue in K(g/¢),r. By (3.9), if R is small enough, depending
on 6, then

Wg(to) < Ug(:t, to) -6,
(3.15) , .
Ws(to) < Uet(z,t0) =6 in B(gje)+r
provided ¢ is sufficiently small. Also,
(3.16) |VU(z,t0)| < Ce <6 ife<é/C.

Hence, by a comparison argument based on the representation (3.1), (3.2) (cf. the
proof of Lemma 2.3 in [2]), it follows that

Ws(t) < Ue(z,t) in K(rse),Ts

and thus ¢.(z) < Ts where T is the blow-up time for Ws. By the results of §2 (cf.
(2.4), (2.5)), |Ts — ¢(z)| < C16. Consequently

(3.17) ¢e(z) < é(z) + C1é,

and (3.13) follows.
REMARK 3.1. If we replace —é by +6 in (3.14) then the previous argument
yields the estimate

(3.18) be(2) 2 #(x) — C16.
4. Estimating u. — u.
LEMMA 4.1. If R is sufficiently small then for any compact subset Dy of

Qr ={(z,t); £ € Br, 0<t < ¢(z)}

there ezists a constant C such that

(4.1) |ue — u| < Ce?  in Dy,

(4.2) |ues —ut| < Ce®  in Dy

if € 18 sufficiently small.

PROOF. By the estimates of §3 we deduce that if p is sufficiently small then
(4.3) |D%,| < C for0<|a|<3

provided (z,t) € Do and |z| < p. Similarly, for any z9 € Bg the estimate (4.3)
holds on {(z,t) € Do, = € B,(z0)}, where C and p can be taken independently of
zg. It follows that (4.3) holds in Dy.

We can then write

82
(4.4) Sl = f(ue) + he,  |he| = €2 Au,| < CE2.
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Representing u in the form

(4.5) u(z,t) = g(z) + th(z) +/0 @t —=7)f(u(z,7))dr

and, similarly,

ele) = 90)+ h(@) + [ (1= ) (el ) ar
(4.6) 0

+ /Ot(t = T)he(z,7) dr

and taking the difference, we get
t
lue(z,t) — u(z,t)| < C/ lue(z,7) — u(z, 7)| + Ce?
: 0

provided Dy is taken to be a subgraph in the ¢-direction, and (4.1) follows.
Similarly
62 / 2 2
Sz let = I (ue)ue,s + b, |h1] = |e*Auey| < Ce
32
W’ut = f'(w)u,
and
ue,t(2,0) = h(z) = u(z,0),
e 1¢(2,0) = e2Ag + f(9) = uw(z,0) + €2 Ag
and the previous argument coupled with the estimate (4.1) yields the assertion
(4.2).
5. Estimating ¢. — ¢ and estimating D®(u. — u) near {t = ¢}.
LEMMA 5.1. If R is sufficiently small then there exists a constant C such that

(5.1) Sup |9 (z) - ¢(z)] < Ce

for all ¢ sufficiently small.

PROOF. We re-examine the proof of (3.17), (3.18). It is easy to see that (3.15)
holds with § = Ae provided A is a sufficiently large positive number. Recalling also
(3.16), we deduce as before that (3.17) holds if § = Ce and ¢ is sufficiently small.
The proof of (3.18) with § = Ce is similar.

In the sequel we shall need some estimates on D%*u, and D*(u, — u) near the
blow-up surface. We begin with

LEMMA 5.2. There ezist t; € (0,4(0)) and R > 0 such that, for all € suffi-
ctently small,

(5.2) c(Be(z) —t)PI+772) < Dluc(z,t) < O(ge(z) —t)" P92 (0< 5 <2),

(5.3) ID%ue(3,t)| < C(ge(z) — )" PIH=2 (0 < o] < 2)
for z € Bp, t; <t < ¢e(x), where c,C are positive constants, and ¢ =2/(p — 1).
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PROOF. To prove (5.2) we work with U (z,t) = uc(ez,t) and establish for D{U€
estimates (as in (5.2) with ¢¢(z) replaced by ¢(ez)) by the method of [2]. Since
Dluc(z,t) = D]U(z/e,t), the inequalities in (5.2) follow.

Consider next

Ji =Ciues = DZue  (lo| =1),
J5 = Cauet £ D3ue  (laf =2).
If C,, C; are positive and sufficiently large, then
J2(z,t1) >0, J2,(z,t1) >0 if z € B,
where J? is J¢ with u. replaced by u. Consequently, by (3.9),
(54) Jf(:c,tl)>0, Jf,t(z,tl)>0 if x € By

provided ¢ is sufficiently small. We can now proceed by a comparison argument
as in [2] (cf. also the proof of Lemma 2.2) to show that if € is small enough (so
that also |V J§(ez,t1)| < eJf(ex,t1), ex € Bg) then J{(z,t) > 0 in the set
(Uzoen, K(z0, 9e(20))) N {t > t1}. This yields the assertion (5.3) for |a| =
(with a different R). Using this information we can next establish by comparison
that J5(z,t) > 0 in the same domain as before provided C; is suitably chosen, and
(5.3) thus follows for |a| = 2.
By (5.1) we know that

|¢e(z) — ¢(z)| < Coe if z € Bg.
We shall choose a constant M such that M > 2Cy. Then
(bg(x) - t
¢(z) —t

where ¢ is a positive constant independent of €.

. 1 .
(5.5) ¢ < <5 if z € Bg, 0<t< ¢(z)— Me

LEMMA 5.3. The following estimates hold for t; <t < ¢(x) — Me, = € Bg :
(5.6) |D%(ue — u)(z,t)| < Ce*(p(z) — t)~(Patlal=2) (0<|a] <£2)

where C 1s a positive constant independent of €.

PROOF. We proceed as in Lemma 4.1 but use the estimates of Lemma 5.2. From
the integral representation of u. and u in (4.6) and (4.5) we obtain, by taking the
difference,

t ot t pt
lue(z,t) — u(z,t)| < Cez/ / |Aug| +/ [ (@)|ue — u| + Ce?
t) Jt, t, Jt

where, in each integral, both integrations are in ¢, and « lies between u and u..
Setting A = ¢(z) — t (z fixed) and using Lemma 5.2, we obtain

_“| 2
<
el < Ce® / /, ,\pq / / M(pa—2)(p—1) +Ce
X
|u5—u|
< e 2+C/./t

ce?2 C
Sy Ty /t lue — ul (d(z) —t1 =t.).
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Hence the function \

z= lue — ul
t.

satisfies

2 —Cz/A<Ce¥/API72  2(t.) =0,
from which we deduce that z < Ce?/AP9=3. Hence
(5.7) lue — u| < Ce?/(¢(z) — t)PI72.

This establishes (5.6) for |a| =

To consider the case |a| = 1 we first take D = D,. By differentiating the
integral representation of u. and u with respect to ¢ and taking the difference, we
get

t t
e s — ug] < ce / |Aug| + / £ (@)lue - ul.
t1 t1

Using (5.7) and Lemma 5.2, we easily estimate the right-hand side, thereby deriving
(5.6).

To estimate D%(ue — u) for || = 1 we apply D2 to the integral representation
of u. — u and obtain

D2 (e - w)l < C¢* [[ Ip2aucl + [[ 17 (w)Dguc - ') D2,
Estimating
17/ (ue) = £ DS el
by (5.7) and Lemma 5.2 we find that

A |DZ (ue — u)|
D2 (ue —u)| < 2
l T (Ug U)l qu 1 /t. ‘/t ,\(pq—2)(p 1)
We can now proceed as before to establish (5.6) (with |a| = 1). Finally, the proof
of (5.6) for |a| = 2 is similar; we argue separately in the cases D?, D,D% (|a| = 1)
and D? (|a| = 2).
Using Lemmas 5.2 and 5.3 we shall now complete the proof of (1.16).

LEMMA 5.4. If R 1s sufficiently small then there exists a constant C such that
(5.8) sup |ge (z) — é(z)] < Ce?
R

for all € sufficiently small.

PROOF. We repeat the proof of Lemma 5.1 choosing, in the comparison argu-
ment (3.14),

to = ¢(0) — 3Me

and working in the cone K with base Bsps.2(0) on t = to and vertex (0, #(0)+2Me).
Set d = 3Me. By Lemmas 5.2 and 5.3,

Ve = u(Oa tO) + 0062/dpq—1 2 ue(:r, tO) fze B5M€2 (O)a
b = ut(()» tO) + CISQ/dpq 2> ue,t(z’ tO) if T € Bspe2 (O)a

(5.9)
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if Cp, C; are sufficiently large positive constants. Let W, (t) be the solution of
W!=fW) if t>to,
We(to) = ves  Welto) = 6.
Set Ug(z,t) = ue(ex,t). From the integral representation (3.1) and a comparison
argument (as in [2]) we see that if
(5.10) Wel.(to) +(t - to)We(to) > Ue ¢(z,t0) + (t — to)UE(I, to)
+ (8 = t0)|VUe(z, to)]

then
We(t) > ue(z,t) in K

and consequently
(5.11) 6¢(0) > Tz

where T¢ is the blow-up time of W,(t). Since ¢t —typ < 5Me and |V, U(z,t)| =
€|Vue(ez,t)|, (5.10) is a consequence of Lemma 5.2 provided we choose C; to be
sufficiently large (independently of €).

Setting v = u(0,tg), 6§ = u4(0,t0) and using (2.3), we compute that

¢(0)-T: = /00[2F(u) —2F(v) + 6272 du
2!

- [T r) ~ 2R ) + 6272
ot

€

< / b [2F (u) — 2F(8) + 6%)1/? du
y

°©  Cg2gd—(Bp+1)/(p—-1)
+/ £ =1 + I,.
8l

. [2F(u) — 2F () + 62]3/2

Clearly
I; C(ye —7)/6 < Ce*.
Next, substituting u = v into I3, we get
2
L2 < 7(pf?)m = < O

We have thus proved that ¢(0) — T < Ce?. Combining this with (5.10), it follows
that

$(0) — ¢¢(0) < Ce?.

Similarly one proves that ¢(0) — ¢¢(0) > —Ce?, and thus |¢(0) — ¢¢(0)| < Ce?.
Since the above proof applies about each point z in some neighborhood of z = 0,
(5.8) follows.

6. Estimating V(¢. — ¢). Denote by ¢, (z) and ¢, (z) the solutions of

’U,(.’II, ¢m(z)) =m, Ut(z, '¢‘m($)) =m;

in view of Lemma 2.2, ¢,,(z) and ¥, (z) are well defined for z € Bpg, provided
m is sufficiently large; R is as usual a small enough positive number. Denote by
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N(z), Nyn(z) and My, (z) the unit normals in the positive t-direction of the surfaces
{t = ¢(z)}, {t = dm(z)} and {t = Ym(z)} respectively. Thus, for instance,

Nin(2) = [L+Vom(2)*)7/* (= Vb (2), 1).

For any n > 0, denote by Sy(z) the set of all unit vectors 7 = 7(z) with
(6.2) 7-N(z) >n.

We claim
(6.3) |V (¢m(z) — ¢(2))| < Cm~CP+V/2 if z € Bp,.
Indeed, analogously to (2.9) (¢o is taken close to ¢(0)) ¢m(z) is given by

e =to+/m du :
u(z.to) [2F (u) — 2F (u(z, to)) + (ue(z, t0))?]'/?

Therefore

Vém(z) =

Vu(z,to)
" ug(z, to)
+ /m [f (u(=,t0)) Vu(z, to) — ue(,t0) Vue(z, to)] du
uwzto)  [2F(u) = 2F(u(z,t0)) + (ue(z, 0))?]3/2
Since ¢(z) = ¢oo(z), we deduce that

V(o) - bm() = [ “bYdu

with the same integrand as in the preceding integral. Hence

[Viom(a) - 0N <C [ ot

and (6.3) follows.
We shall next prove that

(6.4) IV (%m(z) — ¢(2))] < Cm~CrHD/(+1) if g € Bp.

Indeed, we have

u? — u?(z,t0) + 2F (u(z,t0)) = 2F (u)
and F(u) has an inverse G = F~1, well defined and smooth, for all u = u(z,t) with
t > to (by (2.6), (2.7)). We can then write

u=G(3u? — tul(z,to) + F(u(z, to))),
and (1.7) takes the form
Ut = f(G(%U? - %uf(x, tO) + F(u(za tO))))
By integration we then obtain

m dv
Umle) =to + L.<z,to> FC? + a@)

where
a(z) = —3ul(z, to) + F(u(z, to)).
The same formula holds for ¢(z) with m = oo. Taking the gradient of the difference,

we get
dv

VW@ ~ N S [
and (6.4) follows.
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LEMMA 6.1. There exist a positive constant ¢ such that, for any n € (0,1), of

(6.5) d(z) —t < cnlP=1)/(p+1)
then

(66) T Nu(z,t) (I) > "7/33
(6.7) T Mu,(z,t)(x) >n/3

for any x € Br, T € Sap/3(2).
PROOF. From (6.3), (6.4) and Lemma 2.2,
(6.8)  [V(¢m — )| < C/uPVE < C(¢ —t)PHV/@=D = u(z,1),

(6.9) |V(¥m — @)| < C/ulPtI/ @) < 0(p — 1)BrtD/ =)y = y,(g,1).
From (6.1) we have
IN(z) = Ny(z,t) ()] < C|V (¢ = ¥m) ()]
Using (6.8) and (6.5) we get
IN(2) = Ny(g,t)(7)| < C(o(z) - t)(3"+1)/(”_1) <Cen<n/3

if ¢ < 1/(3C); thus (6.6) follows. The proof of (6.7) follows similarly, making use
of (6.9).

LEMMA 6.2. There exist positive constants cg,c1,Co such that for any n €
(0,1) such that

(610) e? < con,

the following 13 true: if

(6.11) 2Me < ¢(z) — t < cnP~V/(BpH1)
(6.12) TE 32,,/3(2:), z € Bpg,
then

(6.13) due(z,t) > can

o = (8@ -

0 Oue(z,t) c1n

(614 i or = (6@ - P
Co

z) — t)Pe

provided € 1s sufficiently small.

PROOF. The estimate (6.15) follows from Lemma 5.2. Next, from Lemma 6.1
we have, if 7 € Sy, /3(z),
du(z,t) SN ou Ou du(z,t)
or T 30N, ot  or

c')ut
oMy,

>
-3
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We also clearly have

du _ du @—ﬂ Ouy
ot BN, Bz

h
where o =alz,t) = [1+ |Vom (@) "1/,

m
B=B(z,t) = [1+ |V (2)]?]7V2, m=w(z,t).
Recalling the estimates in (2.11), we conclude that

Oy cn 90u  _cn
or = (p—typa-1' Btor = (¢ )

If we now make use of Lemma 5.3, we obtain from the last two inequalities the
inequalities (6.13), (6.14) provided €%/n is bounded by a sufficiently small con-
stant, i.e., provided (6.10) holds with co small enough (independently of n,¢). This
completes the proof of the lemma.

We now proceed to establish (1.17). Fix a point y in Bg (R small) and let
t1 = ¢(y) — 3Me. Denote by K the cone with base

B ={(z,t1);|z — y| < 5Me?}

and vertex (y, ¢(y) + 2Me).
If 7 € Sy (y) then (since ¢ is smooth) 7 € Sy, /3(z) for any = € Bspe2(y) provided

(6.16) g2 <n/C

and C is a sufficiently large positive constant. It follows that (6.13)-(6.15) hold on
B. We can therefore apply a comparison argument to U (z,t) = Quc(y + €z,t) /07
(as in [2]; cf. also the proof of Lemma 5.4) and deduce that

(6.17) duc/dr >0 in KN{t< g}

provided (6.16) holds with C large enough. Since K contains (y, ¢c(y)) in its
interior, we see from (6.17) that u. is increasing along any direction 7(7 € Sy(y)),
in some neighborhood of (y, ¢-(y)). This means that the direction of V¢.(y) and
Vé(y) differ by at most 5. Thus

[V(ge — )| <n aty.

The constant n was subject only to the constraints (6.10), (6.11) for any z €
Bsez2(y) with ¢(y) —t = 3Me, and (6.16). Thus we can choose = Ce2, where
C is a sufficiently large positive constant, and then (1.17) follows.

REMARK 6.1. Using Lemma 5.4 we can extend the estimates of Lemma 5.3 to
t1 <t < ¢(z) — Me?, and of Lemma 6.2 under the condition 2Me? < ¢(z) — t <
enP~1/BP+1) ingtead of (6.11). If we now follow the proofs of (1.16), (1.17) with
these improved lemmas (using, for instance, in the proof of (1.17), cones with base
Bont=t; = ¢(y) — 3Me? given by B = {(z,t1);|z — y| < 5Me3}), we do not get
any improvements of the estimates (1.16), (1.17).

(¢ >0).

7. The case ¢(0) = co. In this section we consider the case where ¢(0) = oo
but ¢(z) < oo if € Bg\{0} for some R > 0. By Lemma 1.3 for any zo € Bg\{0}
there exists 6o = 6o(|zo|) and €9 = €¢(do, |Zo|) positive such that there is a unique
solution wuc(z,t) with blow-up surface t = ¢¢(z) if z € Bs(z,0) and 0 < € < &o;
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however €9 may go to zero if g — 0. On the other hand, for N = 1, ¢. is finite
for all z € By, or even for all z € R! with |¢.(z)| < 1/ (by [1]).
For simplicity we take

(7.1) f)=@")?,  p>1,

and consider first the case where
N
(72) g(z)>0 in Br\{0}, g(z) =) aiz?+O(|z|*) where o; >0 Vi,

1=1

N
(7.3) h(z)>0 inBr\{0},  h(z)=)_ Bz} +0(z|*) where §; >0 Vi.

1=1

We further assume that if N = 2 or N = 3 then the solution u.(z,t) with finite-
valued blow-up surface t = ¢.(z) exist for all z € Bpg.

THEOREM 7.1. Under the foregoing assumptions, there exist positive constants
€o,¢1 such that

(7.4) coe™ % < ¢e(z) < c167° where o =2(p—1)/3p - 1.

PROOF. We shall construct a subsolution ve(z,t) with blow-up surface ¢t = 9, (z)
such that

(7.5) Ye(0) = c1e7°.
Similarly we shall construct a supersolution w(t) with blow-up time 7,
(7.6) T, > coe™°.

Since we > ue > vg,
(7~7) e (O) > T >coe™?,

and the proof of (6.4) will be completed.

Observe that the domain of dependence of a point (0,T) with T ~ ce™ is a
cone whose base on {t = 0} is Bg, where Ry ~ ce!~. Therefore, in constructing
ve and w,e we need to define their Cauchy data only in a ball {|z| < Ce!~?} with
an appropriate positive constant C.

We take
(7.8) ve(z,t) = (1 +t)8|z|® + k(¢)
where 6 is a small positive constant and k is the solution of
(7.9) k" = kP +26Ne*t ift >0,  k(0)=k'(0)=0.

It is easy to check that O.v, < vP. In order to compare the Cauchy data, we
work with Ug(z,t) = ue(ez,t) and Ve(z,t) = ve(ez,t). Denote by G¢ the function
defined by (3.3) with ¢ = g(ez), h = h(ez), and denote by G the function defined
by (3.3) with g = h = 6€?|z|%. Using the integral representations (3.1) for U and
Ve, and noting that G > G if 6 is small enough, we deduce by comparison (cf. [2])
that U > Vg, i.e., ue > v.
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The function K (t) = A2/(1-P)k(\t) where A = ¢~ satisfies
K" =KP+26Nt, K(0)=K'(0)=

and it blows up in some finite time ¢;. Therefore k(t) blows up in time ¢;e~7, and
(7.5) follows.
We next construct a supersolution we(t),

wl =wh fort>0,
we (0) = wl(0) = Ae2(1~), A>0.

If A is sufficiently large then, using the representation (3.1) for Ug(z,t) and we(t)
we deduce that we > ue in K¢(0,T) for T = ¢;£7?. Thus it remains to prove that

(7.10)

we blows up in time T, > cge ™7 for some 0 < ¢g < ;.
Now, from (7.10) we get, by integration,

1 w? “’g“ + A_264(1—a)
2Vt T o r1 T 2
where o(1) — 0 if € — 0; hence

(1+0(1))

T _/co dw > cog=0
£ Ae2(1-0) [2'w1’+1/(p+ 1) +A254(1—a)]1/2 = ¢

We shall next consider the case where g and h vanish to higher order at z = 0.
We take N = 1 and assume that

(7.11) g(z) >0, ¢"(z) >0 for |z| near 0,
and

h(z) = Blz|™ + O(|z|**),

K (z) = nplz|" 2z +O(l2[*),  B>0,

where n is a positive number > 2.
Set

(7.13) c={1+({@+1)/n(p-1)}"".
THEOREM 7.2. Let N =1 and let (7.1), (7.11), (7.12) hold. Then there exist
positive constants co,cy such that (7.4) holds with o given by (7.13).

(7.12)

Notice that for n = 2 this is an improvement of Theorem 7.1 for N = 1, since
the condition (7.11) is weaker than (7.2).
PROOF. We represent u. in the form

z+et
welet) = gloe+e) + oo —etl+ o [ hw)dy

—et

z+e(t—7)
/ / () (y,7) dy dr.
z—e(t—7)

ue (2, t) = E[g' (z+et)—g'(z—et)] + %[h(z + et) + h(z — €t)]

(7.14)

By differentiation,

(7.15)

/[ V(2 + et - 1), 7) + (uH)P(z — e(t — ), 7)) dr.
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Using (7.14) and the assumption g(z) > 0 for z near 0, we get

1 $+€l-a
(7.16) ue(z,e79) > E/ h(y)dy > Be=?e™1=9) if [z] < R
T

—gl-o

provided R is small; « is some positive constant.
Next, since ¢g” > 0, we obtain from (7.15),

(7.17) e o (z,679) > Be™1=9) /4 if |z| < R.
We now compare u.(z,€~% +t) with the solution v.(t) of
vl =P, t>0,
ve(0) = v(0) = e ™), 4o =p/4.

This solution blows up at time T'(yoe™(1=9), ~oe™(1=9)) where T(~,6) is defined
by (2.3). It is easily computed that the blow-up time is bounded from above by

C(e~ (1)) (p=1)/(p+1) (C positive constant),

which is equal to Ce~? (with another positive constant C), by the definition of o
in (7.13). Hence

(7.18) ¢5(0) < 6_0 + C*E-U = 016_6 (C] =1 + C).

In order to estimate @ (0) from below it is sufficient (in view of (7.18)) to use the
initial data only in the interval {|z| < ¢;e!~°}. Thus we can use the same function
we as in (7.10) for a supersolution. Proceeding as in the argument following (7.10),
we then derive the lower estimate in (7.4) with o as in (7.13).

REMARK. The above proof extends to N = 2,3 and say

(7.19) g9(z) ~ alz|®, h(z) ~Blz[* (>0, 3>0)
provided we already know that
(7.20) ue(z,t) 20, ue t(z,t) >0

for |z| < Ce'~?, 0 <t < £77; we use here the representation (3.1) for both u.
and uc ;. However the usual method for proving (7.20) (by using the representation
(3.1), as in [2]) does not extend to the present situation where (7.19) holds, even
for ¢t small.
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